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Indefinite Integral

[/ (dx = Fx)+ C if d[F(x)+C]=f

Fundamental Integration Formulas

Idu =u+C
. Hn+!
u"du = +C
’ n+1

.audu =d _[udu

(_f + g )du = I fdu jgdu

Examples
3+ 4
1. Ix3dx= i =x—+C
3+1 4
34
5 5/2
2 jx-‘”dx=;/ +C—J5C/7+C- g3
/_,2+] Z
y i 1
3. I£=_[ V2 - % $C=2 _s0=2z"
Vx 1+ 1/2
d —6+1 -5
4. I—“r=jy7°dy= L +C=y—+C=-—]+(
y -6+1 -5 5y°
5. I(2x+3)2a’x = I(2x2 +12x+9)rix = ZJ‘xacbc + 12'fxcir + t)J-.:Jb: ez 2{---4— 12 : +9x +C

S 2

=§x3 +6x°+9x+C

6. j(4x2_5x+6)dx=j[ - de 4]@—5]“"' d—‘~4x =2

x2 X x X



7. Iﬁ;fidx: 1_2‘/_” j'[ x4 ] _ g2

=lnx-4x"* +x+C

x?J‘Z 3x5r2 2x3:"’ 2 . 6
i _ C—_ 1. ¥ 512 e
z E “Hr E - Sx b s |
2 2 2
(’ _]) 1* -2t +1 _ sz 12 112 g
9 _\/T_d I 72 —I -2t }# E_ 3
2 2
:Eril_ir‘2+2llf2 C

10. j[htlj dat = J(r +31+3- +—P_——+3—r— 3lnr——]T+C
t 2 21

11.] (8x° - Bx* + 12x — 9) dx
Solution.

[ (8x®—6x*+12x — 9) dx -
=8/x®dx -6/ x*+ 12 x dx — 9 [ dx

=8x* -6x*+12x* -9x +C
4

3

=2x" =2 +6x2 = 9x + C
12. 1 (x* = 1) dx
VX

Solution.

{i(x® 3x‘:;~ 3x* = 1) dx
7

= x®dx -3 [ x* dx+ 3] x* dx - [ dx
112 2

X X X2 X"

=[x"? dx - 3[x™ dx + 3] x*2 dx - | x~ % dx

o




13/2 9/2 5/2 1/2
X 3x 3x x

- - -
13/2  9/2 5/2  1/2

=t —l—e“’--2.7c——1-cf'ir +c
316 6

=—l—(e“-—12x—-e°‘)+c
18

14, j(s cos 4t — 3sin 2¢)dl

=5 |cosdtdr -3 I sin 2udt

= ésin 4t +—3—c052: +C
4 2

15. J.(secl' 4¢ + csc’ 51}1!

=ltan4r—%cot5:+C

Chain Rule for Integration
[ la ()l (x)etx = Fg(x))+ €

Examples

1 I(Bx—1)4dx= Iu“ %:% u'du =



2. J-(ZA“ +5.)mx3dx = '[“m =

3

I\/4 — x’xdx = J.u”2

B

du

letu=3x—-1, du=3dx or dx=—3~

]

du =1J.u’°du=l'"¥“‘+c:_u
6 6 1

let u = 2x° +5, du = 6x°dx or x’dx = i
3/2
L_z_

_duzxdx

let u =4 —x* du=-2xdx or

du
f@_zjﬁ_:l£E=lmM+C=lmHﬁ—ﬂ+C
4x2 -5 w 8 wu 8 8
du

let u=4x’ -5, du = 8xdx or xdx:-g—

du

x*dx 3 1y n, 1
=I’ _[uldu—3

J

6.

Ax =1

e
2 u* 3

letu=x>—1, du=3xdx or x’dx = —3—

[ —dit Il ¢ 45 | u .,
J—*EJU du ——ETJr(. ——Eu

du
ofie = -3
J—-im = l—(3—=——1- W ldu=— 2 C=~—-="+C=
(sx*+3) Jut 10 10 -3 >
2 du
let u =5x“+3, du =10xdx or xdx:-ib—
7 j(4x+5)%dx
lafu =dx

Let u=4x + 5, du =4 dx or

j(4_r+5)]dr = ju3 -%du



= L(4x+5)4 +C

16
8. J.x\/drxz?cb:
Let u=4x>+1, du=8xdx or %du = xdx

dezlmdx = J‘x\sz +1dx
= [Vdx? + Lxdx

replacing back u by 4x* + 1

= .112_(4x2 +1)? +C or é1/(4x2 +1)® +C

6x dx
9. |—
'[(x3 4—1)5
Letu=x>+1, du=3x?dx or ldu=x2dx
I 6f2dx = 6_'.(x3 +1)~5 -xldx

+C= ?_6+C' replacing back u by 4x + 5



= C
20 +1)
10. [(4x +9) xax

Let u=4x>+9, du=12x*dx or édu = x’dx
[lax” +9f x'dr = [(ax® +9f -x* - x2a

u=4ax+1, u-1=4x> or HT_=x3

I(4x3 +9)2 x* xldx = |u?. u4 : -édu

i u’ (u—1)du

48
4 3
=__l_ _l.l_._.u_ +C
48| 4 3

replacing u by 4x* + 9

ég(mc +1] B(ax® +1)-4]+C

5—;3(4:: +1)(12x* -1)+C



Integral of Exponential Functions

bx

Ia"du=a—+C Iab‘dx= a +C
Ina blna
u u bx 1 bx
Ie du=e" +C Ie dcx=—e" +C
b
Examples
1. _[4‘dx= 4 sc
In2
u 2x
2 _[32’dx rdiat.d et i
2 In3 21n3
du

let u =2x, du-2dxordr-?

u 2x241
l 2 +C=2
4 In2 4In2

let u =2x* + 1, du = 4xdx or xdx=%

3, jz“*' dx_—jz du = 3

4. _[e"‘:i7c=|e’r +C

o

J.e“dx = % je“du = —;—e“ +C

let u = 3x, du =3dx or dx =%

o

2

. ’(e” —i]d'b':le‘” —4lnv+C
v 4

8. J'(ez’—e"z')dr=j( "-2+e™ }:{r-— l'—2r—%e"”+C

9. || e* —L}+1]dt = || e¥ - +l)dt =lez' +le'3' +Int+C
e’ t 2 3

~J

jiﬂ)d‘:%f(eu +‘~’_2x)dx=l(eh + e_:]+C=%(e2‘ —e‘z‘)+C



] 2x+2x__1_e-2r+c
2

I(ez" +2+e"“)dx = Ee

1Y 1

10. I[e‘%——;—] dx = J‘(e2 = ]dx=
e e’

! "+C=%(]+e“)4+C

1. _[ez"(]+e )dx——ju du-% "
] du

let u =1 +e? du =2e%dx, ¢’*dx = =
4z} ] u ] u 1 47* ~
12. Ize dzz—je du=-e"+C=—=e" +C
8 8 8
let u=4z>,du =8zdz, zdz = ‘—185
e‘dx ¢ .81 qu w2 ¢ A
13. I—M=I(e +1) edx=ju 'du=—~—+C=—2(e +l) +C
(e"+l) __2_
' 2
let u=¢e*+ 1, du = e*dx
14.
513
(] eV o L L 213 4 __lu + :_l i3 L),
je(e)y3juu3§C5u+L (e)+(
3

letu=1-e*, du=-3e¥dy, eaydy__d?u

2 x x
15 I(e +2) dxj(ez +4e +4)dx=j(er+4+4e-f}£x=e‘+4x 4™ +C

3r -1
16 I df . u—zdu=_.L_u_+c=__l_(l+4ejr)“1+C
1+4e 12 -1 12
let u = 1+ 4e®, du = 12e%dt, e’'dr = -?21
2.:
17. dz =——- d—u=—llnu+C=—lln|4-3e2" +C
4 -3¢ U 6 6
2x 2x 5 du
let u =4 — 3e™, du =—-6e¢""dx,e dx:——6-
tan39
18. dB_ ‘[e‘a“wscc239d9=—e‘“3‘9+(?
cos’ 30



let u = tan 36, du = 3sec’ 30,sec’ 360 = %

1
1

e*dx <
19. | =" +C

1

letu = l,du =-—
X X

20. '(1 — 2" )Sfe:c2 xdx = [sec’ xdx — 2Ie“’“ sec? xdx = tanx — 2™ +C

4

21. .4em"dx=4fel"'3dx=4 .xjdx=4-%+C=x4+C, note: ¢"* =x

2

22. [Ine™dx = [2xIneds = '2xdx=2-%+C=x2+c Ine=1

23. [sinh3xdx = %cosh 3x+C

24. jxcoth xldx = —;-]n sinhx?+C

-2x

25. J-e" sinh xdx = J‘fz'"(er ;e-r dez%j( —e'z“}ix:§+ e4 +C

Logarithmic Integration

ﬂ=lnu+C

Uu
Examples

_ ﬂ:i ﬂ=§ln|4y—3]+c
4y-3 4°u 4
u=4y—3.du=4dy,dy=%

dx 1 edu 1
z J’xxj_4=§ 7“=§1n]x3—4|+c



u=x-4, du=3x%dx, x’dx= ‘—135

3. | A d—"_—1n|4v ~1|+C
4v: -1 87 u
u=4v? -1, du = 8vdy, vdv:%
4. j(z" 3r _ j@=1n|x2—3x—s|+c
3x-8 u
u=x*-3x -8, du = (2x - 3)dx
(v—4)dy _ 1 cdu_
5 |- —1 -8y +10/+C
Iy2—8y+10 204 n‘y e ‘+
u=y? -8y + 10, du = (2y — 8)dy= 2(y — 4) dy, (y—4)dy=%
_ 2 _ 2
6. I(l 3x)dx:-|-(1 6x+9xhx:f(l—6+9x]dx=lnx—6x+2x2+C
x x o 2
7. L +4) —j{S +8s +16)d —J.[s+§+—l—?- s=ls +81ns—-i+C
’ s3 s? s S 2 s?
i [*= 1+5dw [( ] =J'dw+5j'ﬂ=w+51n|w-1|+c
‘w-—1 w—1 w—1 _
9. [tanxdx = Smx dx = —In|cos x|+ C
. cos
10. |cot ydy = I Y dy = In|sin y|+ C
sin y
1. Iﬂ“- ﬂ:lln‘2+cosz|+C
2+3sinz 3°u 3
letu=2+3sinz du=3coszdz coszdz=cg—u
12, IM=lln|4—3cos2x|+C
4—-3cos2x

let u= 4 — 3cos 2x, du = 6sin2xdx, sin2xdx = %

10



e ———

13.

14.

15.

16.

17.

18.

19.

20.

21.

—

f

fo

csc’ wdw

s =—]n|1+cotw[+C

let u =1 + cot w, du = -csc? wdw

x=2x
-3x2+4 3

let u = x* -3x* +4, du = (3x* — 6x )dx, (x’ - 2x)dx = %ti

I —%ln|x3 —3x* +4|+C

1

=

J

J

J

J

J

x-1 3

3
‘_ix= J{xz +x+]+——1-—]dx=—x3 4--2_;3:2 +x+ln|x—1|+C
xi

sec v tan vdy B du

== —=—ln|4secv+3|+C
4secv+3 4°u 4

d
let u=4sec v + 3, du = 4sec v tanv dv, secvtanvdy = Tu

etdx 1 E’ﬁ=lln‘53‘—4‘+C
S5¢" -4 5 5
let u=5% -4, du=5e"dx, e"dx = ge
2
e a1 Lidssansc
3+e” 2°u 2
let u =3 + e du = 2°%dt, eztd'=£li
d =In(lnx)+C
xIlnx
letu=Inx, .afu=ﬂ
x
51112.952?9 _ IEsmf?f:ozs&iQ _ ln(1+sin2 6‘)+C
1+sin“ @ 1+sin® @

let u=1+sin’ 6,du = 2sinf cosGdb

J

2
sec ytal:ydy =lJ’.‘?£=lln(4+tan’y)+C
4+tan” y 27u 2

d
let u = 4+ tan? y,du = 2sec’ ytanydy,seczytanydy = ?u

11



29 I(z+6)ciz_'[(z+2+4)dz_ I(Z+2)dz+4f( dz

(z+ 2)2 - (z+ 2)° (z+ 2)2 z+2)

=ln(z+2)———15+C
z+

dx du
23, I—m=2 = 2mni+Vx)+C

let u=1+~/x,du= o =2du=£_
24/x N x
secly + tan

24, Isecy/dw = jsecz;x- ’dw = Injsecy + tany/|+C

secy + tany
let u =secy +tany,du = secy (secy + tany My

25. Icsc wdw = J.csc cu’ S ot ,da)

= In|cscw —cot o|+C
lescw —cot |

letu = cscw - cotw, du = (—cscwcotw + csc? w)dw = csc w(csc @ —cot w)dw

26. j 'dx = ICSC Bl = Injcsc 4x = cot 4x|+ C
sin4x -

27.j g = secSydt=lln]se05y+tan5y[+C
cosSy 5
28. IMdz=6J‘ L + [dz =6 [esczdz + 2 +C = Injesc 4z — cotdz] + 2+ C
sin4z sin4z 2
—t 1
29. J-__cosx zanxdx: secxdx—Itanxseczxdx=ln|secx+tanx[——tan2x+C
COS™ Xx 2

30. | dy_ =2j Y _, csc2ydy = Infesc 2y —cot 2)] + C
cos ysin y sin2y

Integration of Trigonometric Functions

12



.
cosaxdx = —sinax+C
’ a

an 1
sinaxdx = ——cosax +C
’ a

. 1
sec’ axdx = —tanax + C
. a

: 1
csc’ axdx = ——cotax +C
! a

secxtan xdx =secx +C
cscxcotxdx =—cscx+C
tan xdx = —In(cos x) + C

cot xdx = In(sinx) +C

[csc xdx = In(cscx —cotxHC

Isec xdx = In(secx + tan x4 C

Examples

1. _[cos 2xdx = %sin 2x +C

; 1.
2. |cos(3x +4)dx = Icosudu=—;smu+C=§sm(3x+4)+C

let u = 3x +4, du = 3dx ordx=%

3. |sindxdx = —%cos4x+C

4. Ixz sin(;nr3 + 4)dx = jlsin(xj + 4)r2dx = % Isin udu = —%cosu +C = —%cos(.vc3 + 4)+ C

let u = x° + 4, du = 3x%dx or x’dx =dTu

5. Jle“ sin(e** Jix = _{sin(e'”r )e""‘dx = i— sin udu = —%cosu +C= -%cos(e“ J3€

d
let u = e*, du=4e*dx or e**dx = —4”—



6. Isme —cosdx)dx = —5c053x—%31n4x+c
f ¥ I(sec2 5x —csc? 6x)ix = étanSx + écotéx +C

8. Ig)s—(lgx—)dr = _[cos udu = sinu +C =sin(Inx)+C
x

let u =In x, du=é

x
9 Icos3 xdx Icos xcosxdx _ r{l-sin ? x)cos xdx J-(l sin x {1 + sin x)cos xdx
1-sinx 1-sinx 1-sinx 1-sinx

= I(l+sinx)cosxdx = Icosxdx+ Isinxcosxdxz sinx+—;-sin2 x+C

a. 1
10. sin® ycos ydy = [wPdu=2—+C = Lsin* +C
[sin® ycos ydy = | = Jsin’ y

let u =siny, du = cos y dy

11. |cos* xsin xdx = —Iu"du = -—%u’ +C= —%cos’s 4+

let u = cos x, du = -sin x dx

cos xdx 1

12. —J.u%3du=—lu'2+C=— T
sin’ x 2 2cos‘ x
let u = sin x, du = cos x dx

13. Sdev-— f'ﬁ_i+c_ +C=secv+C

cos’v u® u cos v

let u = cos x, du = - sin x dx

14. sin3xc053xdx=ljudu—l-E—+C-—lsm 3x+C
3 3 2 6

let u = sin 3x, du = 3cos 3x dx or ? = CoS 3xdx

15. J‘siny_lcosy_lab/=3j’udu=-3—u2+C=-:isiny—_1+C
3 3 . 2 3

letu = sinz—_—l, du =lcos—}—};1dy or 3du =c0s‘y—_—1
3 3 3 3

14



|

16. I(S 3sin 2a)’ cos2ada————ju4d =—é %u Ch——(S 3sin2a) +C

let u=8-3sin2a,du= —6¢cos2ada or —% = cos2ada

]
6(1 +sin 1)

17. j( Sosel di =%Iu'4du=%-:3-lu“3+C=—

1+sin 2¢)*

letu=1+sin2t du= 2cos2tdr or cos2ids = d—u
U

2

18. Itan@secz o = _[udu =u—-+C = ltan2 8+C
2 2

let u = tan @, du = sec’ &6
or

Itant?secz 6do = Isecﬁ(secé?tan&iﬁ) = Iudu = %ul +C = %sec" 0+C
let u =sec@,du =sect tan O

19. _[sec’ x tan xdx = J'scc“ x(sec x tan xdx) = J'u“du -—=%uS +C = %sec5 x+C

let u = sec x,du = sec xtan xdx

20. jtan2(4x—1)sec2(4x-1)dx = juzdu = %-%w +C= -l—tan(4x ~-1)+C
du

let u = tan(4x —1),du = 4sec?(4x —1)dx,sec’ (4x —1) =

21. Isin"(ez’)cos(e“}ir=% u"du-—-%-z;—s+(3=]—lau5+C —sms‘(e2 )+C
let u—sm( 2"),du=2cos( 2‘),(:05( )=%
I ISEZ = 2 J‘{’;‘, =—%Iu‘”2du=—%#+(?=—l 2 +C———(l—4tanz)+C
N tanz —
2
du

let u =1-4tanz,du = —4sec’ zdz,sec zdz——T

sec ytan y 1 ¢ 19 1 u 1 1/2
23. =——|lu"""du= =——(3-8sec +C
[ O e [ e y)

o0
I\JI»—-



let ¥ =3 —8sec y,du = —8sec y tan ydy,sec y tan ydy = L

24, Ilnsecatanada = Iudu = lu2 +C = l(lnsec.cr)2 +C
2 2

seca tan
let u=Inseca,du=——""Jda = tanada

S€Cax

25. Isec vtanv —I—J.u"’du=1-LM'3+C=—l(l—sec:3v)—3 +C
I+:>ec v 3 3 -3 9

let u =1+sec’ v,du = 3sec’ vsecvtan vdv,sec’ vtan vdy = —

dz
26. J‘ — = J‘cscz(e"'}':dz=cot(e‘2)+C
e’ sm‘ie ’i
letu=e? du=-e*dz
27. J'cotz 4tdt = _[(csc2 4 — l)dt = —%co‘t4t -t+C

28. Itanz 6ydy = I(secz 6y—1)cly = étan6y—y+C

29.
JSin édo _ J-sint‘)

-do = Itant?sec o = Isec Hbccﬁtané?)dé)-gsec 6+C

cos'@ cosd cos’

30. J-cos xdx_ J'cos . J‘cot" xcsczxdx=—%cotix+C

sm X Sin x sm X

31. f(tanp-1)dp = [(tan® B 2tan f+1)p = [((sec’~1)-2tan B+ 1)ip
= _I‘(sec2 ﬁ-2tanﬂ)dﬂ = tan - 2In(cos #)+C

32.

ICOSZ &de _ J‘(]—s;in2 9):;!9 _ I(]—Sin9X1+Sint9)a'9 _ J'(1+sin ﬁ)d@ . A
1-sind 1-sin@ 1-siné

33 J-sin3 ydy _ Isinz ysin yasz- ~cos’ y smydy _[ (1+cos yXl —cosy)sin ydy
" J+cosy l+cosy’ 1+cosy l1+cosy

= _[(1 —Cos y)sin ydy = Isin ydy — Icosysin ydy =—cosy + %cos2 y+C

16



. .. 2
- ? 1 )
4. _[Sin2 wese’ 2wdw = ]-sm wdw = I sin” wdw dw 1

= = — = — : =—Iscc2wdw
sin” 2w 4sin“wcos w 4°7cos‘w 4

= ltan w+C
4
3. I(cos" x —sin® x Jdx = _[(cosz x +sin? x [cos? x — sin? x Jdx = j(cos2 x —sin? x kx
= ﬂil(l +cos2x)— l(I —COoS 2x)}dx = Icos 2xdx = 1—sin 2x+C
2 2 2
36 Isin 2xsin4xdx = Isin 2x(2sin 2xcos 2x)dx = 2 |sin® 2x cos 2xdx = 2 67 25+ €
37.

J-(.'Z cosx —sinx)’ dx

(4coslx—4cosxsinx+sin2x)dx !l—sinzx! .
. =I ‘ = |4 —4cosx+sinx |dx
sin x

sin x sin x

= j(4cscx—4sinx—4cosx+sinx)dx = I(4cscx—351nx—4cosx)dx
= 4In(cscx —cotx)+3cosx —4sinx +C

1-cos?2 in?
38 J gos rdr= ISlnzrdr= Itanz rdr = J-(seczr—l r=tanr —r+C
1 +cos2r cos  r ,

sinw

sinw
39, ItaHde = [—cosw dio = [— oS dw= sinweos’w
I—tan’ w _sin’ w cos’ w—sin’ w cosw(cos2 w —sin’ w)
cos’ w cos’ w
= . Ism2w dw 5 Itan2wdw = llnsec2w+ C
2 Jcos2w 2 4

40.
J-cos a(l—cos2a) da = Icosa[l - (0052 a —sin’ a)]3 da = _[cos a[l —cos’a + (1 —cos’ af)]J da

= cosa[2 —2cos’ a]lda' = Icosa[Z(l — cos’ a*)]jda = J-cosa[S(l - cos’ a)3 }10:
=8 J'cos al- 3cos? & +3cos’ @ —cos® a Wa

= BIcosa(l —3(1 —sin’ a')+ 3(1 —sin? a)z = (l —sin? a)3 )da

= 8Jcosa(l—3+35in2 @ +3—6sin? @ +3sin @ —1+3sin? @ - 3sin* @ +sin° a o

= Bjs.in6 acosada = %sin7 a+C

17



Transformation of Trigonometric Formulas

a n . —d n+l

— |cos" usinudu = ——cos"™ u+C
b b(n +1)du

a Sy a LN+ a
o Ism ucosudu = ————sin™' u+C
b b(n +1)du

a n a n+ v
—_ Itan usec’ udu=—————tan"' u+C
b b(n +1)du

a r —da n+

— |cot" uesc? udu = ————cot™ u+ C
b b(n +1)du

a a

— |sec” utanudu = ———sec" u+C

b b(n)du

a
— |esc” ucotudu = —————csc”" u+C
b I b(n)du

If J'sin”' u cos” udu where ether m or n is a positive odd integer

If mis odd use sin’u =1-cos? u
If nis odd use cos’ w =1-sin’ u

If Itan’" usec" udu or |cot™ ucsc” udu

m n Method u du
Even Even | Transformation tan/cot sec’/csc?
Even Odd By parts
Odd Even | Transformation Either
Odd Odd Transformation sec/csc sectan/csccot

If Isin " ucosudu , when both m and n are positive even integers, use

sin®u = %(1 —cos2u)
cos’ u =%(1+cos2u)

: 1 .
SINUCOSU = Esm 2u

Examples

1. Isin3 vdv = Jsinz vsinvdy = J.(l —cos? v)sin vdv = |sinvdv — J.cosz vsin vdv

1 .
= —cosv+§cos3 v+ C

18



— d—

e —

2. J-cosj ydy = j-c053 ycos ydy = I(l —sin? y)cos ydy = Icosydy— Isinz ycos ydy
= siny—%sin3 y+C

-
-
-

cos’ rsin’ 1dt = J'cosj tsin’ tsintdr = Icos’ r(l —cos’ t)sintdr = j(cos3t-cosj r}sintdt

i 1

=——cos*r+=costt+C
4 6

4
|cos™ tsin’ tdf = _[sin3tcosztcosrdt= _[sin31(l—sin2r)cosrdt = j(sin’t—sinS t )cos

. T

=—sin t——sin"t+C

4 6

9.

3
¢ . | : ! ) :
|cos’ tsin’ rdt = j[—sm ZIJ dt = Il sin® 2¢dt = — _[51112 21 sin 2edt = - J(l — cos? 2t )sin 2¢dt
2 8 8 8

=l“sin2!dl— I0052 2!sin2{dz]=l ‘100521+lc03321 e
. 8l 2 6

8. |cos? 2xsin’ 2xdx = _[cos2 2xsin? 2xsin 2xdx = |cos> 2x(1 —cos? 2x)sin 2xdx

. . 1 1 .
= |cos? 2xsin 2xdx — _l.(:os4 2xsin 2xdx = ——cos” 2x + —cos” 2x + (
[l 3 5 v 2 4 . 2 R -
I Ism wcos’ wdw = jsm wcos® wcoswdw = _[sm wll —sin” w) cos wdw
= |sin? w(l —2sin’ w+sin® w)cos wdw = I(sin 2w—2sin* w+sin® w)cos wdw
= |sin® wcos wdw — 2 |sin* wcoswdw + |sin® wcos wdw

1. 2 . 1 .
=Ssm3w—§smsw+—sm7w+C

8.
J'cos;S 3rdr = J-cos4 3rcos3rdr = I(l —sin’? ?:r)2 cos3rdr = I(I —2sin®3r +sin* 3r)cos 3rdr

; : I -
= |cos3rdr - IZ sin® 3r cos3rdr + Isin" 3rcos3rdr = -;:sm 3r ——2—sm3 3r+—sin’3r+C

- 3 = 3 i
sin” xdx sinx 1 5
9. I = I dx = Itan’xsec3xdx= _‘-sec'xtanzxsecxtanxdx

cos® x cos’ x cos’ x

19



= Isecz(secz x—l)secxtanxdxz sec’ xtan xdx — |sec’ xtan xdx

=lse<:5 x——]—sec3 x+C
5 3

cos’ x cos’ x
10. I dx = ——dx cot3xcscxdx=Icotzxcotxcscxdx
sin® x sin' x sinx

= I(cscz X- l)cotxcscxdx = |csc® xcot xdx + Icotxcscxdx

1
=—§csc3x+cscx+C

dz

. sm z sm z cos’ zsinz
11 Imnzztanzdz:J.(I—COS z I I——
cosz COS z COSz

= Itan zdz - Icoszsin zdz = In|sec | —%sin2 z+C

1I2_ ICOSZ — I(l —sin? v)cosv

i ICOSV

dv — jsm vcos vdy

sinvy sinv

1. : .
= |cot vdv—Esmz v = ln’sm v| —%sm2 v+C

13. Isin3 y(2-3cosy)dy = I sin? y(4—12cosy+9c032 y)sinydy
= j(l - cos? yX4—l2cosy +9cos’ y)sin ydy
= I(4—l2cosy+9cosz y —4cos® y+12cos’ y —9cos* y)sinydy

=4 sinyabz—l2_[cosysinyaj»+5j coszysinyaj»+12j‘cosjysinyajz
-9 |cos* ysin ydy

=—4cosy+6coszy—§c053y—3cos‘y+%cossy+c

14 Ism tdt_ J-sm"rsinrdr j —cos’ sinrdr
" J cos? cos’ t cos*t

_ ‘[1 2cos’ t +cos® rsmrdt Ismrdt

= Isin tdt + Ic052 tcostdt
cos’t cos’ ¢

= Itanr secrdt -2 _[ sintdt + cos?® ¢ sin tdt

1
=seclt + 2cost —gcosr +C

15 JCOS 3xdx jcos“ 3xcos3xdx _ J‘(l—sinzi')x)2 cos3xdx

sin? 3x sin’ 3x sin’ 3x

20



1-2sin’? 3x+sin® 3x)cos3xdx  pcos3xdx
_ f( ) S

— —2 |cos3xdx + |sin?® 3xcos3xdx
sin” 3x

x
sin’ 3x
= |cot3xcse3xdx -2 |cos3xdx + [sin? 3xcos3xdx

= -—lcsc3x—gsin3x+lsin33x+C
3 3 9

16. jcos’ ydy = Ims‘5 ycos ydy = I(l —sin? y)‘ cos ydy
= -[(1 —3sin’ y +3sin* y +sin° y)cosydy
= Icos ydy -3 _[sinz ycos ydy +3 _[sin‘ ycos ydy — Isin“ ycos ydy

=siny—sin3y+%sin5y-—%sin7y+C
17. J‘sinzxdleI(l—cost}dx=lIdx—lIcostdx=lx—lsin2x+C
2 2 2 2 4

18. Ic052 ydy = % J'(l + cos 2x )dx = % j'cix+—]2—.._[0032xdx = %x+%sin2x+C

P4
19. Icosz zsin® zdz = f(é—sin 22] = % I% (1-cosdz)dz = % Idz —% Icos4zdz
=—z——1—-sin4z+C
g8 32
i 1 P )
20. Ism 3udu = 5(l-cos 6u)| du =ZI(1-2cos6u+cos 6u Jdu
= % _[du ——% Icos6udu +%cos2 6udu = %u —%sin 6u +-rlf I%(l +cos12u)du

- lu —lsin6u+l Idu +—1— Icoleudu
4 12 8 8

=lu——1—sin6u+lu+—l-sin12u+c
4 12 8 96

=§u —Lsin6u+isin12u +C
8 12 96

21. .f(cos" 5y —sin® Sv)dv = ’[(cos;Z Sy +sin? Svchvs2 5v —sin? 5v)iv

= Icolevdv = l-lﬁsin10v+C

21



22. Isin3 wsin’ 2wdw = Jsin3 w-8sin’® wecos® wdw = 8jsir16 wcos’ wcos wadw
=8 sinf’(l —sin? w)cos wdw = 8J.sin° wcos wdw — Ejsin8 wcos wdw
8 . 8 .
=—sin"w——sin*w+C
7 9
23. J-cosz asin’ 2ada = jcosz a -8sin’ a cos’ ada = S_fcos5 asin’ asinada

=8 |cos’ cx(l —cos? a')sinada =8 |cos’ ada —8!cos7 ada

4
==-—§cos° a+costa+C

24, Jsin2 Bcos' pdp = Isinz Bcos® fcos’ pdf = J(%sin 2ﬂ) %(] +cos28)dp
=% sin’ 2 4dp +% J'sinz 2fcos24df = % .[%(l —cos4/3’):;f,6+%sin3 28+C
=l j'dﬂ-—l- Icos4,8dﬂ+zl§sin32ﬁ+c

1

1
= ff s 43 + —si 32 +
;3’ 645111 Ji) 4851n p+C

3
25. cosﬁ%xdx: J{%(Hcosx)} dxz%j(l+3cosx+3coszx+cos3x)dr

=—1-J‘aix +E J.cosxdx+§ Il(1+c052x)dx+l Icoszxcosxdx

8 8 8§72 8
=lx+§sinx+—3—jdx+—3-Icos2xdx+lj(l—sin2 x)cosxdx

8 8 16 16 8

1 . 3 3 . 1 . [
=—X+—-8SINX+—x+—sin2x+—sinx——sin" x+C

8 8 16 32 8 2

=—x +151nx+ism2x—ism x+C
16 32 24

6 3
26. |cos® ysin® ydy =J.[%(sin2y):' dy = é J{%(l —cos4y)] dy

=E (l“-°’COS4y+_‘5cos2 4y + cos’ 4y)dy

512 _[ y—mjcos4ydy+—J-m(1+0088y)dy———]‘cos 4ycos4ydy
=5:2y_203485 1024 I y+ 1024 _[COS 8ydy - I—II—SIn 4y)cos4ya‘y

22



o

1

. 1
= — sin4y + '+ sin8y ———sindy +
5127 2048 Y T 10247 T81920 Y T 2048 Y T 614
5 3
= - sin4dy+——sin8y + sin4y+C
10247 512 Y T 192 MY et Y

27. [tan’ gdg = [tan’ g tan gdg = [(sec’ ¢ ~1)tan pdg
= |sec’ ¢ tan gdg — Itan¢d¢= Isec¢sec¢tan¢d¢5—ln|sec¢|+€

= %sec2 ¢ —Injsecg + C|

28. J‘cbt“ pdp = I(cscz qa—l)quo = I(csc" @—-2csctp+ l)d(p
= _[cscz qpcsczgadqa-ZIcscz odo + qup
= |lcot? @ +1)csc’ pdp +2cotp + @ + C
fleot? p+1)
= |cot® pcsc’ pdp + _[csc;Z dp +2cot +p +C

=—%cot3 p—cotp+2cotp+p+C

' 1
=~—§c:ot3 p+cotp+o+C

29. _[cot’ 2ydy = Icot" 2y cot2udy = _r(csc2 2y - 1)2 cot 2ydy
= _[(csc:4 2y —2csc’ 2y + l)cot 2xdy

= |esc 2y cot 2pdy -2 Icscz 2y cot2dy + J'cot 2udy

1 1
=——csc' 2y +Ecsc2 2y + %ln|sin 27|+ C

e

30. |sec* AdA = |sec? Asec’ AdA = ﬂtanz A+ l)sec2 AdA
= J‘tan2 Asec? AdA+ Isecz AdA

=%tan3l+tanﬂ.+C

31. Icsc" 3odw = _[cscz 3wcese’ 3mdw = I(cotz 3w +1)esc? 3mdw
= Icotz 3wese’ 3mdm + jcsc2 3odw

= —ls:ot3 3w —%cot3m +C

23
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3 1 3
32. jsec- 46 tan 4840 = gtan’ 46 +C

-

33. [sec*(3x +1ytan’ (3x + 1dx = Jsec” (3x +1)tan* (3x + 1)tan(3x + 1)
= J-sec‘(3x+lisecz(3x+I)—l]tan(B.rH)dx
= jsec >(3x + 1)tan(3x + 1 jox — J.sec" (3x + 1)tan(3x + 1 )dx

1 \ 4
=Esec’(3x+ii—%scc (3x+1)+C
34. Isec* Sytan’ Syaj’zjsec25ysec25ytan‘5ydy
= Isecz Sy{tan® 5y +1)tan* Sydy = I(tan"Sy+ tan’ S_v)sec: 5 ydy
= Itan"S_vsccz Sydy + J-tan45ysec25ya5/

4zd= = fcsc'dzese’ dzdz = j:COI: 4z +1f esc’ dzdz
= {lcot* 32+ 2cot® 4z + 1 )esc’ 42d=
= |cot’ 4zcse” dzdn + 2 |cot” 4zese” 4zdz + ose” 4zdz
1 1 1
=~Tcots 4z -—cot’ 4z ——cot+C
20 o 4

Integration Leading to Inverse Trigonometric Functions

. — =—arctan—+C
a +u  a a

J'du 1 u

du . U
J— =arcsin—+C

Ja* -t a

Examples

dx i X

—=—arctan—+

94+x 3 5
letu=x,du=dx,a=3

1.

Z.I ‘k,=-1—arctani,_-rC
3+x7 3 V3

let u = x, du = dx, azﬁ

24



>
3. J i ; =—]--larctan—x+C—larctan£+C
9+4x- 2 3 3 6 3

letu=2x, du=2dx, d&cx=—.,a=3

u&

dx 11 3x-1 1 3x-1
4 j e 5= RGN ——— % —arctan —
25+(3x-1f 35 5 15 5
Ietu=3x-1.du=3dx.dr=d7u.a=5

2
_[ xdx —l—arctan3x +4

I
2+(Bx +4f 6 2 2

let u = 3x* +4, du = 6xdXx, xdx=ii‘—;-‘-,a=\5

+C

&y Y
6. J.;___z-arcsm;+C
vad-y &
letu=y du=dy a=2

\r'(iy 1 { sy 2
7. [=—==-=(l4-»"T » 4=y’ +C
J’\r—-—4_y2 5 8= dy =

yly 1y
8. va—zarcsm > +C

letu=y? du= 2ydy,ydy—%z-‘— =2

dy 1. 2y
9. |-/—=——=—=—arcsin—+C
I1/25—4y2 5
let u = 2y, du = 2dy, dv-ﬂ a=5
dy 1 . 3y+2
10. z = —arcsin———+C
I 5-(By+2)y 3 V3
'V =
d
letu=3y+2.du=3dy.dy=7u,a=v"§

25



11.

12.

13.

14.

15.

16.

17.

18.

19.

= l arcsin i}:;[ +C

ydy
J‘\/4—(3y2 -1)

let u = 3y* — 1, du = 6ydy, ydy=%,a=2

I dz =I dz =I dz
22 +6z+11 (22 462z+9)+2 4
letu=2z+ 3, du=dz azw/’f

dp

e

Ietu=2p-—1,du=2dp.dp=~6;—,a:2

]
J.—M——d =——arctan cosgq +C

3+cos g ﬁ ﬁ

let u = cos q, du =»sin q dq

1
= arctan
z+3f +2 2

zZ+3

+C

5

—j -J ; larct::mzp_l+C
4p* —4p+5 Ap'—dp+l+d (2p- 1) +4 4 2

J- dr __J- dr __I _ 1 sk -~
6r-4-9r*  Jor’—er+1+3  J(3r-17+3 343 V3

let u = 3r— 1, du = 3dr, dr:%,a:ﬁ
Iy+3)d} I ydy _[ ’dy =lln(y2+16)+2arctan£+C

¥y +16 y:+16 y +16 2 4 4
M dyzy—zarctanZ+C

y +4 Z 2

2w g 2w

I e’ dn larc:sm 2 +C

9—4e*

let u=2e ', du = 4e¢*"dw,e*" dw % =3
I dt _ .[ dt _ .[ dt ———1~arcsin
VIS+4r—4rr  T\15+1-(1-4r+4%) " l6—(1-2)? 2

letu=1-2t du=-2dt. dt——% a=4

26

+C




sec? wdw sec? wdw sec’ wdw . tanw
I = = = arcsin

5-sec? w JS—(tanz w+1) V4—tan’ w

let u =tan w, du = sec®wdw, a = 2

20. +C

i

+C

d ‘d, .
21. j\/-9e—+—_l- F J J-\/g j ;_uh =arcsm€
2u
e’

J- (x+4-4)x (x + 4 )dx dx

= -4
\/ 7T =8x=x? j\/—7—8x—x2 j\/9—(:xr2+8x+7+9)

2ZIJ

7 —8x —x?
=__J- (x+4)dx _4_[ dx
\/ 7 - 8x - x? \/9—(x+4)2

=--\/—7—8x—x2 —4arcsinx+4+C

+C

. X—d
= arcsin

2 I\/_ jJa 2ax+a I\/ a

(1+tanv)av sec’ vdy sec’ vtan vdy
2. | =] J

= +
cos’vy5—3tan’v “+/5-3tan’v " +/5-3tan’v

J3tanv | sty
= —arcsin—————+/5-3tan’v +C
3 J5 3

23, .[ = = = =_l_[ du =—larcsin£+C
svs® —a’ . l—i a’Ja? —u? a s
o
letu= —,du:—izds,ii;:_ﬂ
A S R} a

Integration by Trigonometric Substitution

1J-x2dx
252

Solution.

Substitute

x=5$in(:‘)orsin6’=£ ; i<9<£.e=sin" l
5 2 ) 5

27



dx =5 cos 6 d&.

25— x* = 25(1 — sin? 8) =25 cos 2 6

25— x*
5

or cosf =

As shown from the figure,

v25-x°
then by substitution

J- J-25 sin’ @-5cos Gdé
1/25 x2 Scosé

=25 |sin’ &40

Using the identity ,

sin’ @ = —(1-cos 26)

b | —

[sin* a6 = % J1-cos20)a6 = ;{9-%5111 :9} c
= %(9-53’190059)-'1' &

Substituting this from the above,

===(#-sinfcosh)+C
22

25[. L x x\/ZS—xZ}
=—2—— sm ———(+(C




Solution. Let x = 3 tan @, dx = 3sec’ 6d0

V9+x* =v9+9tan’6
= 3secd

_[ dx ﬁ-'-}seczﬂdaﬂ'
m - 3secd

= Isec&if?

= Injsec 6 + tanc?'|+C

V9 +x*

-

3

Since tan 6 = % .thensecH =

— - ——— T———

As shown in the figure,

V9 + x?

Integration of Rational Functions of Sin x and Cosine x and Other Trigonometric
Integrals

dx
. Il+cosx

Solution



2 |

2dz

J‘ dx _ [1+2?
1+ cosx |-z
1+ 5

1+2z

2

2dz
_I 1+ 22 _ [2dz

1+22 +1-22 2
1+2°
=z+(C

=tan£+C
2

dx
2+sinx

Solution.

2dz
J‘ o 1+2°
2+sinx 24 222
1+z

2dz

=__I 1+ 2°
2(1+2%)+ 2z

= ——=Idz

30



3 Isecxdx

Solution
jsec xdx = I
cCos X
I ‘Ha IZ&
1+2° 1- 1-2?
By method of partial fractions :
2 4 B

1-22 1-z l+z

2=A(+z)+B(1-2)
=(4+B)+(4-B)z

A+B=2,A-B=0

A=B=1
2dz dz dz
Il_22=J'1+z+Il_z=ln|1+z|—ln|l—z|+c
L W
-z
l+tan£
=In 2l c
1—tani
2
X
tan — + tan —
=In 2 +C
l—tar1£tani
4 2
=lntan(£+£)+c
4 2
4 j g
" Jl—sinx+cosx
Solution
' 2dz
e
1-sinx+cosx { 2z +l—z2 (1+zz)—2z+(l—zz)
1+22  1+2°
dz dz
_2'[2—22_-[1—2
=-Inl-z|+C
=——ln1—tan£+C"
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Integration by Parts
judv =uy— I vdu

Examples

1. Ixe‘dx

letu=x,du=dx, dv=e"dx, v=¢"
_[xe’dx =xe* — Ie‘dr =xe" —-e* +C

2. _“ye':"dy
letu=y. du=dy, dv=eVdy, v= —;e‘f’
>
1 o 3 1 3 . {
8_33’ S W—3} s e--‘) = = e-.‘_} ___e—;'a + C‘
.fy 4 3 3 I o 3y g
3. Ixcostdx

let u = x, du = dx, dv = cos2sdx, v=%sin2x

jxcoszxdx = l.:cssin'..?..v:--l jsini!xdx = lJcsin 2x — lcc;s. x+C
2 2 2 4

4. f_vl' sin 4 vd)

let u=y? du = 2ydy, dv = sindydy, v = —%cos 4y

- l el
jyz sin4ydy = -Zy‘ cos4y +-‘% chos 4ydy

letu' =y, du' =dy, dv' = cosdydy, v = Zsm 4,

: ]

\

E 4 if1 . 1 .
=——y“cosd4y+—| —ysindy—— |sindydy |
2 cosdy 2(4)) y-7} v |

1 , 1 . 1
=——y cosdy+—ysindy+—cosdy+C
4,V : 4 8}’ 4 4 32 J

5. Izz cos zdz .
let u = 2%, du = 2zdz, dv = cos zdz, v = sin z
Izz cos zdz = z° sinz-2_fzsinzdz
letu’ =z, du’=dz, dv’' =sinzdz, v = -cos z



= z? s'mz-2(—zcosz+ coszdz)
=z’sinz+2zcosz—2sinz+C
6. Ilnxdx

letu=inx, du=9‘£,dv=dx,v=x
X

Ihxdx:xMx— .w:d:c:xlnx—%:t:2 +C

1

7. jwmwdwzlw:lnw—ljwdw=—w11nw-lw3 +C
2 2 2 4

letu=Iinw, du =-f-d-‘£__dv=u'.v=_l_“.-2
W 2

jwlnwa‘w=lw2 lnw—l dew=luf2 lnw—lw2 +C
2 2 2 4

8. Irze"dr
let u = r?, du = 2rdr, dv = e’dr, v=-e”
frredr=-rie” +2fre”ar
=—rle" —2re”" + ZIe""’
=-rle” =2re”" -=2e" +C
9. jszez’ds

let u=s2 du = 2sds, dv=e*ds, v= %ez"

Iszez’ds = :lz-szez’ ~ jsez’ds

1
letu’ = s, du’ = ds, dv' = e*ds, v'= —2-8

=lsle25 _(_1_3825 _ J.ehds]
2 p.

=—s’e --l—se2’+le2’+C
2 4

10. It::m'I xdx

letu=tan'x, du=

s



11. J.ytan‘l ydy

letu=tan’y, du =

[ytan

12. Ix3 sin(xz}ix =

dyz,dv—dy,v=—v
+y 2
1 i} L yidy 1
dy=—y’tan”™ y —— ?
=gt Y 2'[1+y2 2

1

ziyz lan"'y—%jdy+-[ ay

1
1+ y° 2

. 1 5
let u = x% du = 2xdx, dv = xsinxdx, v = —Ecosx“

; 1 5
Ixj sm(leix = -Exz cosx’ + Ixcosx’dx

x(2x —1)dx

1 X
=—-—x?cosx? ls.mx2 +C
2 2

let u = x, du = dx, dv = (2x — 1)"dx, v=%(2x~1)

Ix(2x— )dx = %x(Zx -1) —% J.(Zx ~1)dx

14 J‘ yay

-1y

letu=y, du

-

15, ijx + 4dx

letu=x,du=

1 8 1 9
=—x(2x-1) ———(2x-1
16x(x ) 288(x ) +C

=dy,dv=(y-1)"dy, v= —%()"'1)_4
_Z -1 +-i—j‘0/—1)_4dy

1 -3
_4(})}:1)4 -—(@-1)"+C

12

- l +C

-1 12(y-1)

dx, dv = (x + 4)"dx, v = %(x +4)"?

34




ol = Zx(x+4) =2 [+ )i
= %x(x+4)m —%(x+4)”2 +C
16. [x’(a? +x?) " dx
let u = %2, du 2xdx, dv = x (a2 + X2 )"2dx, v = %-(a" +x2)’”
fol +x) tae=2x' @+ 2] - S falat +2) e
;2(a+)3 (a+x)’+c
=%(a +x )”(3x2-2a2)+c

17, J‘ys(a2 —y")dy

let u = y* du = 2ydy, dv = y(a* — y*)"“dy, v = ‘%(a’ —yz)m

[y 2—y”)l"zdy—-—y -y )"+ Iya -y*)"d
=—%y2(az—y2)m 125(a -y )m C
=—%y2(a2—-y2)” (3y +2a2)+C

18. IxBB"'zdx

let u = x%, du = 2xdx, dv = xe™ = —%e' z

1 gl | _iF .2
jxrz"cinc:—ixzeir + |xe ™ dx

19. Io: sin’ ada
Ia sin’ ada = j a[ (1-cos 2a)}da =— jada' e Ia cos2ada

let ¥ =a,du =da,dv =cos2ada,v = %sinZa
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=l¢:z'2 —l[—l—asinZa—ljsinZada)
4 212 2
I ., ¥ . 1

=—a ——asin2a+—cos2a+C
4 4 8

20. |xsin4xcos4xdx
let u = x, du = dx, dv = sin 4xcos 4xdx, v=lsin14x

_[xsin 4x cos dxdx = %xsinz x— [t ade

—Legizag-t I{:l(l—coSSx)}t
8 872

= lxsin2 4x—i Idt——l—- IcosSxdt
8 16 16

=lxsin24x—i+—l—sin8x+C
8 16 28
21. [ysec’ dy
letu=y, du=dy, dv=sec’ydy, v=tany
Iyseczdy=ytany—Itanyajz=ytany—h1cosy+C

22. Iz csc? zcot zdz

let u =z, du = dz, dv = csc z cot z dz, v-=—lcsczz

Izcscz zcotzdz = —%_::csc2 z+% csc’ zdz

Y W J
2 2

23. Iwcoshr-dw
a
let u =w, du = dw, dV=COSh!dW,V=aSiDhE
a a

Iwcoshidw = awsinh 2 —a‘[sinhﬁa‘w
a a

a

W w
= gwsinh — — g’ cosh— + C
a a

. 1
24, Irsmh—‘;dt
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. t
letu=1t du=adat dv =smhidr,v=acosh-
a a
. r { !
J‘rsmh-—dr = arcosh ——aJ‘cosh—vdt
a a a

! . {
atcosh— — g’ sinh—+C
a a

25. |csc’ xdx
let u = csC x.du = — ¢sC x cot xdx,dv = ¢sc’ xdx,v = —cot X

fcsc:' xdx = —cscxcot x — J‘CSCICOtZ xdx
jcsc’ xdx = —cscxcot x — Icsc x(cse? x —1)dx
Icsc’ xdx = —csc xcotx — Icsc’xdx-l- csc xdx
2 |esc’ xdx = —cscxcot x + |csc xdx

2 jcscj xdx = —-csc:ccotxﬂnlcscx—cotx' +C

Jcsc3 xdx = —|-cscxcotx + Inlcsc x —cot x| i)

L | w

25. Jsinxsin 4 xdx

let u =sin x,du = cos xdx,dv = sind4xdx,v = —icos‘tx

) ) 1. i
J'sm xsindxdx = —ism xcosdx+ Z Icosxcos‘%xdx
: |

let u'= cosx,du’'=—sin xdx,dv'= cos4xdx,v = zsm 4x
. ) 1 . 1/1 : | .
sin x sin 4 xdx =—Zsmxcos4x+z Zcosxsm4x+z sin x sin 4xdx

sin x sin 4xdx = —lsinxcos4x+ Lcosxsin‘lx +L Isinxsin4xdx
. 4 16 16

.sinxsin4xdx—i s'mxsin4xdx=—lsinxcos4x+icosxsin4x
. 16 4 16

15 ¢. ) i . 1 :

Ig 51nxsm4x¢tr=—Zsmxcos4x+—cosxsm4x+C

1—2 [sin x sin 4xdx = l_lﬁ-(cosxsin 4x - 4sin xcosdx)+C

|

|sin x sin 4xdx = — (cos x sin 4x — 4sin x cos 4x)+C

tn

1
1

27. J'ycos_ys.in2 ydy
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let u=y, du=dy, dv =cos y sin’ ydy, v = %sin3 y
. 3 1 .3 1 . 3
chos ysin® ydy = gysm y 3 jsm ydy

= %ysin:‘ y —% Isinz ysin ydy

= %ysin3 y —% I(l —cos’ y)sin ydy

| 1 ¢. ’
= —?;ysmj Y jsmydy +% _[cosz ysin ydy

1 1 1
=—3~ysm3y+§cosy—acosly+c

28. Ilnzxdx
5 dx
letu=In“x, du =2Inx—,dv=dx,v=x
X
Ilnzxdx=xln2x—2flnxdx
u'=lnx,du'=£,dv=dx,v:x
=x1n2x—2(xlnx~jdx)

=xIn’ x-2xlnx+2x+C

29. [sin(In x)dx
let u =sin(Inx),du = cos(In x)%,dv =dx,v=x
J-sin(ln x)dx = xsin(In x) - Icos(]n x Jdx
let  u =cos(Inx),du = —sin(in x)é dv=dx,v=x

I sin(In x )dx = xsin(In x)-xcos(Inx)- _[sin(ln X )dx

2 Isin(ln x)dx = xsin(In x)- xcos(In x)

Isin(ln X )dx = g—[sin(ln x)—cos(Inx)]+C

30. |e™ sin mxdx
1

let u =e™,du = ae™dx,dv = sin mxdx,v = ——cosmx
m
ax 3 l ax a ax
e“ sinmxdx = ——e cosmx+—_|.e cos mxdx
m m
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1 .
letu'=e™,du'= ae” dx,dv' = cos mxdx,v'= —sin mx

m
B | - all . . d ( a .
Ie sinmxdx = ——e" cosmx + —| —e“ sinmx — — |e™ sin mxdx
m m| m m
[ ax ‘ 1 ux a ax = a2 ax 2
e” sinmxdx = ——e"” cosmx +—-e sinmx ——- |e” sin mxdx
. m m m
q a’ 1 a
e sin mxdx + — Ie‘“ sin mxdx = ——e“ cosmx + — e“ sinmx
. m m m
S | [ '+ a’ ..
e” sinmxdx = ——e“ cosmx + —-e smmx——zje sin mxdx
. m m m
[ ax _: a ax _: 1 ax a  a .
e™ sin mxdx + — Ie sin mxdx = ——e" cos mx + —- e sinmx
’ m- m m
m? +a’ ] a
——— |e“ sinmxdx = ——e* cos mx + —e” sinmx
m m m
2 ax
; m e -
_[e““ sin mxdx = ———| —; (asin ms — mcosmx) [+ C
m-+a \m
e2x
Ie‘” sin mxdx = —-T———,—((asin ms —mcosmx))+ C
m-+a°

Integration Involving Partial Fractions

7
1. Resolve o into partial fractions, then integrate.
(x - lXx - 2)

ik = 4 e 2 where A and B are constants to be determined.

3
(x—]Xx—Z) x=1 .x=2

Assume

3x+7  _A(x-2)+B(x-1)
(x-1){x-2)  (x-1)(x-2)

Equating numerators, we have
x+7=AXx-2)+B(x-1)

Equating coefficients of x and the constants on each side, we have
3=A+B

and 7=-2A-B
giving A=-10and B = 13.
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Another way of solving for A and B

Putx=1then3(1)+7=A(1-2)+0
A=-10

Put x = 2then 3(2) + 7 =0 + B(2 — 1)
B=13

3x+7 13 10
us - = -
(x-1)}x-2) x-2 x-1

Th

ey -10|—

J' 3x+7 =13J’dx dx
Hence, “(x—-1)x-2) x=2 x—1

=13In(x-2)-10In(x -1)+InC
=In(x-2)" -In(x-1)° +InC

13
1 x=2) mC
(x~1)
2 -—
2. Resolve 3_15(_3;_)?“0 partial fraction then integrate.
x —
2 1
Let 3x"—-x+4 _ A B C

= + +
(x=1)"  x-1 (x=1) (x-1)
Putting the right side over the common denominator (x — 1)?, we have

3 -x+4_ Alx-1) +B(x-1)+C

(x=1) (x=1)

Equating numerators,

I-x+4=A(x—-1)>2+B(x-1)+C

Let x =1 3-1+4=C
C=6

Equating coefficient of x*: 3=A

Equating coefficient of x : -1 = -2A + B
B=-1+2A=5
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2_
Thus,3x x+4=3 4 5 i 6

(x-1)"  x-1 (x-1)" (x-1)
x+4 dx
Hence, IW j I + 6I(x

5 3
= 31 — - C
()-S5
3. EvaIuateI — 2k 4 ~dx
x +IXx—1
Let -2x+4 Ax+ B C D

= + *
(Jc2+11x—])2 x*+1  x-1 (x-1)
Then,
-2x + 4 = (Ax + B)(x = 1) + C(x — 1)(x* + 1) + D(x* + 1)

=(A+C)x°+ (-2A+B-C+D)x*+(A-2B+C)x + (B-C + D)
Equating these coefficients .

Coefficientof X’ :0=A +C

Coefficientof x> : 0=-2A+B~-C+D

Coefficientofx :-2=A-2B+C

Coefficientof x> 4=B-C +D

If we subtract the fourth equation from the second,
4=2A A=2

Then form the first equation,
C=-A=-2

Knowing A and C, from the third equation,
B=1

Finally, from the fourth equation, we have,

D=4-B+C=1

Hence,
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—-2x+4 2x +1 dx dx
j(x2+1Xx—1)2dx=J.mdx_z'].x—l+j( =

x—1)

2xdx dx dx
_Ix +1 "-x +1 2'{x—l-kj(x—])?

= ln(x2 +l)+ ArcTanx-—l[n(x—l)~—]—]+C
x_
2
= ArcTanx + In=> +12— ! +C
(x—l) x-1

2
4
4. Evaluate x~+—ldx
x —

2

] is not a proper fraction and therefore the numerator must be divided by the
x_

denominator until the degree of the remainder is less than that of the denominator.
x’+4

5
=x+1+—
x-1 x -1

Iﬂdx J(x+]—5~ X

x-1 x -1

=%+x+51n]x—l|+C

Integrals involving ax? + bx + ¢

dx

1. Evaluatej T
x +4x +
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ol Pt
x?+4x+8 x*+4x+4+4

o -

(;2 +4x+4)+4
=I__dx__
(x+2)2 +4

1 x+2
= —arctan
2 2

u=x+2,a=2

+C

2. Evaluate -‘-3——2—2—2
X" +2Zx+

_[ dx

; =
3Ix“+2x+4 3(132 2 )+4
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el e
dx
) I\/-(xz ~2x+1)+1

—_— dx . — .
= I—\[l—_(x;_-l)?,u—x—l,a=l

= arcsin(x-1)+ C

dx
g %2
I4x2+4x+2

4x? +4x+2=4(x? +

[ +Xx+— J 2-1)
= (x+—2—J +1

let u=x+%,du=dx

dx du 1 ¢ du
-[4x2+4x+2 = b e ;1

u'+—
4
=_1.ltan"£+C=—l-tan"2u+C
41 1 2
2 2
L, . 1 .
=—tan” 2/ x+— |+C==tan'(2x +1)+C
2 2 2

Integrals involving ./ax +b,v/x? + a2 ,%/x

1. Evaluate

x+4
Letu=+/x+4
W=x+4 orx=u’-4
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dx = 2udy

Substituting the given integrand

J- xdx _ I(u2 — 4Pudu

x+4 u

= 2'[(112 —4);z'u

=%—-8u+€
=2?u(u2 —12)+C

Replacing u by vx+4
2
= x+4(x+4-12)+C

=-§~ x+4(x-8)+C
3
2. Evaluate (x* + 4xkix
Jx? -6

Let u= vx* -6
uw=x-6orx*=u’+6

2xdx = 2udu or xdx = udu

J-(x3 +24x}it _ I(x2 + 4 edx

Vx‘ -6 Vx2 -6
_ J‘[(u2 +6)+ 41udu
u
= [(u? +10)u
=u—;—+10u+C’

= %(ur2 + 30)+C
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Replacing u by v/x? -6

xz—

=)

(x* -6+30)+C

]w

xz—

3

(x2 + 24)+ e

3. Evaluate _(_xi;ﬂ

#=32x~3

it =2x~3
Let or
B u'+3
B
dx = 4u’ du

4
[fﬂ*’é + 2]2u3du

2
3
U

J- (x + 2)625(
41/(2}:—3)3

4
(u +3+ 4)211361”
2
f—
I(u" +7)du

5
=y—+7u+C
5

= %(u‘1 + 35)+ c

Replacing u by 4/2x -3,

e
2 3Qx-3+39+c

—

V2x -

5

]m

(2x+32)+C
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4. Evaluate

Jxdx

24dx

u=ﬂ;s

Let u* =x,
dx = 4u’du

_[ Jxdx _ qu -4u’du
2+4x

" 24u
5

=4udu

u+2
=4J(u4—u3+u2—u+l— : jdu

u+2

wouwt owut _l
=4___+_——+u-ln|u+2]+C

5 4 3 2 |

Replacing u by x",

=

=_:_’x5f4 _x+%x314 —25V2 4 4x14 -ln|xm +2I+C
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Algebraic Substitution

1

Solution
Let u=y/y? =7,u% = y* = 7,u® +7 = y* 2udu = 2ydy

.[ Iyyabz J-u +7)Jdu I +7}Iu

= Iu’du+7jdu = -"3—+7u.+C

2
N
4 + Wy =7+C

3

2. [sin+/xax

Solution
Let y =+/x,y? = x,2ydy = dy

JsinJydy = [sin (2ydy)= 2 [ysin ydy
let u=y, du=dy, dv =sinydy, v=-cos y
Isin«/;dx =2(-ycosy+ _[cosyajz) =2(-ycosy+siny)+C

= 2Jx cosv/x +2sinyx +C

Solution

Let V1-x? =u,l —x? =u?,x* =1—u? 2xdx = —2udu




1—2*

o 2= ) = e

Solution

Let u =+1-x%,u? =1-x?2udu = 2xdx

X
'[-\/1—x2 i u

s [

%=—Idu

=—u+C=—y1-x* +C

Solution

Let

1-x* =ul-x* =u?,x* =1—u? 2xdx = 2udu

)de—— -(—Ll w ey Idu+_[u2du

- 15

=—u+%u =—\/1——I—+-:1):(ﬁ)3 +C

o [

Solution

3 1/2
Let x=ulu=x""dx=6u’duu’ =x"*u* =x

3
61 du 6[ u’du _6udu

I\/;+-J_ '[u il u+l)_ u+l

= J(uz—u— I ]du=2'u3—3u2—6ln(u+1)+C
u+l

=2x"2 - 3x!% - 6ln(x”6+l)+C
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Solution

Let x = ,/;,xz = y,2xdx = dy

_[cos \/;dy =2 Ix COs xdx

Let u = x,du = dx,dv = cosxdx,v = sinx

Jcos \/;dy =2 Ix cos xdx = 2|xsinx — _[sin xde

=2xsinx+2cosx+C

=2,/ysin y+2cos\/;+C

8. | =
e (a? +x7)
Solution -
Letu=3,du=_a:ix,x:a
X X u
dx 1 1 adx 1 ]
_[2 2. 2} ol | —gdu
x\a" +x a‘a +x°\_x* a 2+(GJ
a ——
u
et 1 2afuz——l- 1 du
a* , a a’ , 1
a’ +—- a (l+‘2)
u u
] 1 1 culdu
= —— du=-—
j‘uz+l

1 | o 7
=——|{1- du =——u —tan +C
aJJ( u® +1 a“( )
=——]3- = "£)+L
a \ x X

1 1
=—3tan£—T+C
a X ax

9. [V1++/xdx

Solution
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Let y=y1+vx,p? =1+x,(2 =1) = x2(3? =12 ydy =
[N+ Ve =4 [y - 1)yay =4 [(y* - y* Jay

4 5 4 5

=— +C
g TRF

) A
10. [Ve' —9dx

Solution

2udu

X

(4

[Ver —9dx = 2j“d” ~2{]’(1- z Jdu:l=2u—~%t "%+c

u’ +9

Let u=+ve -9,u’ =e* —9,u’ +9=e¢",2udu = e*dx,dx =

e* -9

=2 e’—9—6lan" 3

Trigonometric Substitution

When va® —u® occurs, let u = asiné
When va® +u’ occurs, let w = atan®
When +u’ —a’ occurs, let u = asecd

2

Solution

: . X
Let x =asinf,dx =acosf,0 =sin' =
4]

cosAdo = J-a cos’ &dB

a — \/a —a’sin 8
I I a’ sin’
= Icot édeo = Icsc 6'—])dt9
=—cotfd-60+C

2 2
va' —x o X
=———————sin" =+C
x a

a’sin’ @
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2.jdx

xvxt -4

Solution

secf tan &6

Let x? =2sech,x = /2sech,dx =
~2secl

sec _t?__tan 7] 40

J‘ .[ v2secd
xyxt - V2secOv4dsec’ 6 -

1
=Z_|'d9=zt9+C

2
=teet® 4
4 2

3. J'(

x* +2x+ 2)”2

Solution

i 3 dx .. _ dx
I(xz +2x+2)3f2 J‘[(3‘2 +2x+1)+ l]m J‘[(J“"l)z H]m

Let x +1=tan®,dx = sec’ &6

J- dx =J- seczaslg. _ J-seczﬂdﬂ
(x? +2x+2)? “lan?0+1]" sec’ ¢
= fsjfg = Icosﬁdé’ =sinf +C
x+1

= +C

VX2 +2x+2

4, J.\}r 2 _x’dx
Solution

Let x =rsind,0 =sin™ i,dx =rcos&df
r
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j\/r’ -xdx=r? J'cos"' édo = r? I%(l +c0520)d6

=f—(9+lsinze]+c
2773

_r'é N r?sinécos@
2 2

= %(rz sin™ i+Jm/r2 -x? )+C

+C

r

Solution
Let x =asiné,dx = acos @O, Va® —x* = acosd

a’sin’@

g
I Ja acosd O

= -2— I(l —c0s20)d6

&dé = a* J‘.«.in2 adé

2
=a—(9—lsin20J+C
2 2

2 2

=2 9-2 sinfcosd+C
2 2
a . ., x a*x+a®-x?
=—sin" ——-—=———_4+(C
2 a 2a a
a® ., x xJa*-x’
="sin?2-2X2 " .
2 a 2
6 dx
) .[/az_'_xz
Solution

Let x =atand,dx = asec’ 8dO,va® + x* = asecl

asec &19

jJi j = [secads

= lnlsecu + tanul +C
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8.

Ja? + x? 5 x|

a a

=In +C

Solution

Let x =atan®,dx = asec’ &O,vVa® + x* =asecd

dx asec’6d0 1  de 1
I( /az+x2)ﬂ N Ia’sec39 _?Isccf) —a—zjcos&m
=Lzsin¢9+C
a
= o] +C
2 az+x2

I x dx
(9 _ xz )3,"_’
Solution

Let x =3sin8,dx = 3cosﬂd9,(\/9 — g7 )3 =3%cos’ 9

J-( x2dbx _ J-Bz sin 93005&'19_ J‘Z;Ziffé’

ﬂT *cos’ @
= _[tan26ki9= I(seczt?—l)de
= [sec’ a0 - [d6
=tanf -0+ C

x e -
= +sin?' =+C
B 3
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a

-1 =
xva? —x? asin8acos6

= lln||n:sc6? —cot 6|
a

1

=—1In
az

acos&df ij‘ dé __1_ Icsc&dg
a’sinfé a

1 1

+C

X aZ_xZ

dx
10. |——
'[x\!x2 -a’

Solution

2 2

Let x = asin@,dx = acos@d,\a* — x* =.:1c:os¢9’,£=sim§’,u

=cosé
a

Let x = asecH,dx = asecOtandO,\/x* —a* = atf:mfi’,i =sect
a

dx
J- _ J‘asecatan&ft? =l_[d0
xvx? —a? asecbatanf a
=19+C
2
1 i X
=—sec —+C
a a

Definite Integrals

1.?@x+&h

Solution.

]‘(2.1: + l)dx =(x*+ x)],2

|
=(22+2)-(12 +1)
—6-2=4

7l/2

2. Icosxdx

0
Solution.
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/2

. 12
Icosxdx = sin x]‘ﬂ'
0

..
=sin——sin0
2

=1

2
3. ISez‘dx
1
Solution.

2]3e"ak = szjez'abc
1

2
]
2

= 4(e“ —eI)

2
4. I[4 + iz}ix
h X

Solution.

3[4+%)dt=4fdx+8f§:-

=4xf + *%I
=4(2—1)+8[——:1£+1)
=8

Solution



:]’(5 — 6x7 ) = ;j(‘sx2 ~ 5
= (Zx:‘ - Sx)L

=2-5
=-3

B. J:‘(x2 —\/;)ir

Solution

f(xz —\/;)dx =]£(x2 —x“l)dx

4

7. f cos xdx
Solution

' ; . .1 . ,
f.g_:os xdx = [sm x]: , =sinl—sin = .(where the angles are in radians)

=sin57.3" —sin28.65°
=0.8415-0.4794
=(0.362

dx
8. f?
Solution
f;ﬂx= Ie"dx=[—e"‘E =(—e'2 +e°)
=1-0.135

=0.865

8. jie’ +e " :
2

Solution
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= %(7.3891 ——0.1353)—%(2.7183—0.3679)
=2.45

10. fx +2

Solution
2
fx +2dx=f[x+2+ 6 Ja’x
X =2 x=2
5 6
=[%+2x+6ln(x—2)}

4

=18+12+6In4-(8+8+6In2)

=14+6In2
=18.2
11. fx’lnxdx
Solution
x* x* 1 ’
Jaxllnxdx= —Inx- |——dx
4 x 1

_ xlnx l-.'x3dx
4

[ x* lnx x_
16

811n3 81 [0 L]
16

=17.2
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12. f4f"x2

Solution

13, E2x2w/x3 +1dx

Solution

[ 207 Vx" + 1 = % [Vx* +1(3x7ax)
2

3/2
+

3

21
3

|

e ]

- %[(8+ )2 - (0+1)"?]

4
=—(27-1
S@1-)
_lo4
9
14, fox+1dx
Solution

Letu= Vx+1,u?=x+1, x=u?-1, dx = 2udu,

fx\fx_ﬁdx = 'r(u2 —])4(2udu)
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=2f(u“ ——uZ}!u

2 si2 2 y23
=|= ~Z(x+1

[5(x+1) 3(x+) ]0
=§(4)512_§(4)312_§(l)5f2 +%(1):-fz
_64 16 2 2

5 3 5 3
16

15

15. f:sin3 X COS xdx

Solution

Let u = sin x, du = cos x dx, when x =0, u = 0, when x =

/2
J: sin” xcos xdx = Iusdu

]

16. L|x+2|dx

Solution

-x-2,x<-2
Ix+21={
x+2-2<x

le+2|dx= .[:(—x—2):ix+ L(x+2)d5t
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L]
={(-2+4)- [—5+6)]+[(8+8)—(2—4)]

=l+18
2

¥
i

17. | i
',ﬂx+2i3—xi

Solution

L= e ey
T2 Verxx Yol —x

-l 25 d: 1\:[' 25 a 1Y’
o) JT["‘&]

2 1

S _,[ 3]
=8 —=—8M | ==
5 5

=sin”' 0.2 +sin" 0.6

V2 xsin~' x?
il M
Solution
2xdx
let sin”' x’ = u,du = —— Zxdx—
_ \/1—-
N’xsm ' x? 1 1 1. 4 2y
I —I =—u +C=-(sm x ) +C
2 4 4

EJ’\“ xSlﬂ x -l—(sin_l x"_l ”ﬁ _ l(sin_l 1_)2 _ fz_
4 4 2) 144



19f

x -2x +4)]

Solution

dx ~ dx
f(x2-2x+4f’2 ) Ji[(x—l)+3]3”

let x—1=\/§tanu,dx=\/§sec2 du whenx =1 u=tan'0 = 0, when x = 2,

_1_1_ /4

ﬁ=E

Yenen

U = tan

_[”6 V3 sec? udu :fmﬁseczudu
[3 +3tan F [?’sec2 u]m

=_[”6 : du=-;—_g'mcosudu

SCCu

~2x+4)"

]
e n/6 —
= [smu] _6

P dx
20. R —
'[ x(Inx)’
Solution

let Inx = y, dy/dx = dy, when x =€, y = 1, when x = e? y=2

[ x(lif - gf"[{_z} '[ﬁJ

1 1 3
—_—t — =
8 2 8

.21. J:xln(x+3)dx

Solution

2
Letu=ln(x+3),du= 4 =xdx,v=x_
xX+3 2
x’ 1 ¢ x?
j:xln(x+3)dx=71n(x+3)-5jx+3dx
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2
i-ln(x+3)—l J(x—3+i-)cbc
2 2

x+3

1

2 2
[f—-ln(x+3)—%+—g-x—-g—ln(x+3):|

2

0

= 2-4ln4+gln3
4 2

2 [(;(:)1’)’2
Solution
Let 3x+1=um,x=-§( 1 _1) de = 2 Su
e

ulw

-3 -

Solution
Let vx =u,x=u?,dx =2udu .When x=4,u=2,and whenx=9,u=3
dx udu du
=3 =2
[ — =il

=[2inju -1} =2In2=1n4

dx
* [
Solution
Let x = 2sin @, dx = 2cos@if,vV4 — x> =2cosb

2cosdf 1 0 dO

ﬁ —
'IixI\M—x"" - '[(2sin9)22c059 ~ 4Jsin%0

— lesc? @




1 1{ v4-x?
——Z[COtB]—‘—Z[ . ]

_¥3
4
25, [ ———dx
(x+ 1)
Solution

dx -1

Letu=x,du=dx, dv= T,V =
(x+1) x+1

x X -1
—dx=— - dx
I(x+l)2 x+1 '[x+l
x 1
={:—- +ln[x+l|]
x+1 .
=ln2-+-l
"y



Geometric Applications
Areas

1. Find the area of the region bounded by y = 2x, y =-3x, and x = 4.

Solution :
AV
y=2x
| /
a
<‘L\
3 }
(0.0)
dx
x=4
y = -3x

Based on the figure above

f(x) =y = 2x
g(x) —y =-3x

Limit is from zero to four or [ O, 4 ]

A =157 [f(x) = g(x) ] dx
= [o" [ (2x) = (-3x) ] dx

= [o* 5x dx

x.‘ 4
0

<N

:41

- J

|l

n
I‘\J’z..
| =)

|
NE
t
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= 5(8)

= 40 sq. units

2. Find the area of the region bounded by x>=4y +4and y = x + 2.

Solution :

y=x+2

Consider: f(x) >y=x+2 and X2=4y+4—>4y=x2—4thus, a(x) »y= x°—4
from the figure above the coordinates of the intersections are , 4

X+2-= X2—4
4
4(x+2)=x‘-4

x2—4x—12=0——>(x—6)(x+2)=0—-x1=-2 , X2 =6, sointerval is [ -2, 6 ]
then,

A= S [(x+2)-—4]dx
4
A= ] S [x+2-%(2+4)]dx

A= S (x+2-%x+1)dx

6
A= %xt-112x*+3x] 2
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A=[% (B2 =112 (6)° + 3(6) ] = [ % (-2)% = 1/12 (-2)° + 3(-2) ]
A=(18-18+18)—(2+2/3-6)
A=18-(-10/3)

A = 64/3 sq. units

3. Find the area bounded by the curves y*=2x and y= x-4.

Solution :

(8,4)

Using the horizontal element, we can consider y=x-4 — x=y + 4 as f(x) and

y?=2x — x =% y? as g(x). Based from above graph, the interval is [ -2, 4 ].

A=[11(y+4)-(%y*)]dy

A= sz2+4y-1/6y3]j‘2

A=[%(4)%+4(4)-1/6 (4)°] [ Y2 (-2)* + 4(-2) — 1/6 (-2)° ]
A=(8+16-64/6)—(2-8+8/6)

A= (80/6)—(-28/6)

A =18 sq. units
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Volumes
Find the volume generated by revolving the given plane area about the given line :
1. y=2x*, y=0, x=0, x=5 about x-axis

Solution :

40-1
20
L
NA =X
x=0 Xx=5 y=0
y = 2(0)° y = 2(5)° 0=2x
y=0 y =50 ' C=x

Hence, the Point of Intersection . (0, 0) and ( 5, 50 ), thus limits are 0 and 5
Using Circular Disk Formula the Volume :

V= frzdr
V=n f yidx
Replacing y interms of x and simpiifying :

Ve=rn[(22) ax

V=7rf(4x4) dx
r. s7s
I'=n 4%}
L d 0

[4(5)° _ 4(0)°
| & 5
V =2500xcu.units

68



2. y=2¢*, y=0, x=0, x=5; about y-axis.

Solution :

v=z[{[f@] -[g] }ax

V=n f°ﬁ(5)2—(\/?-2’7-ﬂdy

V=7rfﬂ(_25—§)dy
V:x[zsy—é]:o

V= x[zs(SO)-ﬂ;’l}_[zsm)-gJ

——,

V = 625xrcuunits

Alternative solution:

V= szx[f(x)—g(x)]dx

In which, [ f(x) — g(x) ] represent the height, then h ( height ) is the y = 2x?, since
2x*-0)is 2¢2, thus

V= 27rthdx
V=2x f x(2x2)dx
v =2x [ 2x°dx

- .75
V=27:_x7]0
szx:“;‘ —“’;‘]
v = z(5)"

V = 625xrcu.units
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3. x=9-y* | x-y-7=0 ; about x=4.

Solution :
x=9-y? (Eq. 1)
y’=x+9
y’=-(x-9) V(9,0)
X-y-7=0 (Eq.2)
X=y+7
y+7=9-y (y+2)(y-1)=0;y=-2 and y=1
y'+y-2=0

X=y+7—- x=-2+7—-—-x=5and x=1+7-—x=8

Hence, the points of intersection are (5, -2 ) and ( 8, 1 ) which serve as the limits of
integration. Sketching the graph using Horizontal strip :

N

y
X=4 ~ A X-y-7=0
s
X
~—" A

Z Xx=9-v

Using the formula for Circular Ring :

N

V=r [{Lf ] -[g(x)] ) ax

Replacing f(x) by (4 ~xp)and g(x) by (4—-xl);where xp=9-y* andxi=y+7:
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V= [ [(4-xp)" (4~ x1)'1dy

V=x [ {14-O- )P ~[4-(y+ T}y
V= [(7* -5} ~(-y=3 1y

V=7 [ [(7* 1057 +25)= (5" + 6 +9)ldy
V=7:£2(y4 —11y* =6y +16)dy

V = al - -+ 16y],

V= m{[ - 255 - S+ 16(1)] - [ - 2y 1))

3 2
V ﬂ.[(MS) ( 316)]
V }T( 459

V= T 3 rcuunits

4. y=x',y=0, x=2 ; about y=8.

Solution :
Applying the Shell method :

Substituting y=0 and x=2 to y=x°
20 =x

(
8 x =0 Hence, the points of intersection are (2, 8) and (0, 0).

y
y
Sketching the graph :

AY 2.8)
y=38
< > X
\ x=2
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Utilizing the formula for Shell method :
V=27 [ 2/ (x)- g(x))dx

Replacing [f(x) —g(x)1by (8-y), dx by dy,ahd x by (2—{/;):note that
X=y.

v =2 [ (2-3f3)8 - y)dy

v =27 [ (16-8y' -2+ yh)dy

4 2 %
v =2a{16y -S4+,
v =2a{16y-6y" - y* +3 T}
1 i
v =27{[16(8) - 6(8) —(8)" +3(8)*1-[16(0) - 6(0)° — (0)* +3(0)’ I}
V=2n(1%)
V =32 gcu.units
Plane Areas in Polar Coordinates
Find the area of the region bounded by the graph of r=2 + 2 cos 6.

Solution.

By assigning various values of 6 and finding the corresponding values of r, we
obtain the graph below,
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The curve is symmetric with respect to the polar axis, we take the limits from 0 to n. The
area of the entire region is multiplied by 2: Thus the required area is

A=2|=(2+2cosf) do
6[2( +2cos6)

n

= 4_[(1 +2cos 8 + cos? 6’}2’6

x

0
4[0 +2sin@ +— 6+ %sm 29]

0

I

4(7r+0+ 7+0- 0)

Length of a Plane Curve (s)

1. Find the length of the arc of the curve y = x*”* from the point (1,1) to (8,4)

(1.1)

Solution. Given f(x)=x?", f'(x) = -i—x"”, using equation (1),
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To evaluate, let u =9x?"* + 4, then du = 6x"*dx
Whenx=1,u=13, whenx=8, u=40

or using equation (2)

Given y =x*"?, solving for x, x>0, x = y*'?. Let g(y)= "%, 2'(y)= %y”’, then

2.The coordinate (x,y) of a point on a circle of radius r can be expressed in terms of the
central angle 0 as
x =rcasé y=rsiné

P(x.y)

(L
N
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Solution.

The point P(x,y) moves around the circle as 6 varies from 0 to 2n, so the circumference

of the circle is
2 2
=1 \(l) o (3]
do de

Since,
e e sinﬂ,—@i =rcosé
db dé
So that
2 2
[%) 4 (%J = rz(sin2 6 +cos? 6)=r’
Hence,

C=["rao =r[6f" =2m

3. The coordinate of the point P(x, y) on the four-cusped hypocycloid are given by

x=acos’ 8 y=asin’ @

The hypocloid x =acos’ @,y =asin’ @, 09 <2.
Find the length of the curve.
Solution.

6 varies from 0 to n/2, P traces out the portion of the curve in the first quadrant.
Thus, the total length of the curve,

s= 45::21/&2 + dy2
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From the equation of the curve,

c% = —3acos’ sin@,dx = 3acosHsin 9(— cos 9)dt9

—2% =3asin’ cos@,dy = 3acos&sin O(sin 6)d6

Hence,

ds* =dx* +dy* = (3acos@sin ) (cos2 6 +sin’ 6?}dt'5’)2
or

ds® = (3acosOsin o)’
Hence for 6between 0 to n/2,

ds = 3acos@sin 8d6
and

5= 4_[:”2341 cos@sin MO
To evaluate this integral, let

u=sin@,du = cosdé

and,
. 1 2 l <2
jcosf)smed9= udu=5u = sin 0

so that

1 /2
§= (lZa(— sin’ BJ = 6u
- 0

Area of Surface of Revolution (S)

The surface of revolution is that surface obtained by revolving an arc about a
given axis of revolution.

The formula is given by

S =2x |rds
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Examples

1. Find the area of the surface generated by revolving about the x-axis the arc
C={xy)osy<lx=y%)

Solution.

Since x=y2,£=2y and 98 =
dy

Thus,

S=27r‘|:y1/1+4y2dy

To evaluate this integral, let

1
u=1+4y’; du=8ydy orgdu = ydy
So

S=27zf~[--%du

= %Jrfu”zdu

d

2
=£(:u3”)
43 :

2 \3/2

=%(1+4y- |

l
0

~ 5.335q.units
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2. The circle
X" +y =r

is revolved about the x — axis. Find the area of the sphere generated.
Solution. We write
ds = 2nyds

ds = \Jdx? + dy?

x=rcos@ y=rsinf
to represent the circle. Then,

and use

dx = —rsin&d@,dy = r cos 6

so that
ds =rdf

and
dS = 2nyds = 27(rsin O)rd6
=2’ sin &d6

Hence,

§i= j2m3 sin @

=2 [~cos O]

= 4
Physical Applications of Integration
The Mean Value of a Function
1. Find the mean value of x* between x = 1 and x = 3.

Solution.

3

= ﬁ Ixzdx

1

l{x"}‘

The mean value y 213 |
_27-1

6
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2. Find the average velocity for a free falling body starting from rest,
s=—gt°, v=gt, v =.,/2gs

a) with respect to t and b) with respectto s, fromt; =0, s, =0,tot,> 0, s, = % gt.2.
Solution.
h

Igrdt = lgf = lv
t,-0; 257 27

a. (v,), =

b. (vm,)s = I 2gsds=% 2gs, =-§v2
0

Mean value of a periodic function
3. Find the mean value of cos? pt

Solution
The period of the function cos pt is 2—”
p
2% 2
Mean value = —— Icos pidt
SR 0
P
2z
f’ (1 +cos2 pt
0
‘ 2x/
_P TH. sin2pt | /*
ar | 2p |,
=2 s + —sin 47:}
a7 p 2p
_p 2
4z p
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The Mean Square Value of a Function

1 b
b—a jyldx

The Root Mean Square (r.m.s.) value of a function

1
b—-a

r.m.s value =

b
i

: : 2
1. Find the rrm.s. value of i = /sin pt overtheranget=0andt= il

p
Solution.

1 7 2
Mean square value = 2 0_{[(1 sin pt )’ dt

pP

P s JETE.
=— |/"sin” ptdt
27 '[ P

2x/
_pl’ ’j”1~c052p1

2

dt

2

s 2x
pl? 5 sin2pt] 7

v 2
Hence r.m.s. value = £— = L =0.7071
V2 2

2. If V=V;sinot and C =C,sin(wt—-ca), find the mean value of the power
product VC

Solution.

VC =V, sinatC, sin(wt — )

80



- Yoo [cos a —cos(awr — 0:)]

The:paiisn sy ViC s 22
@

/!
Hence mean value = —— II s [cosa - cos(2wr — )t

2r
10
v [ . 2z/

wV,C, sm(2co!—a) 58
=——|tcoOsgg —————=

4rn | 2w g

wV,C, [ 27 sin(4r —a)-sin(— «
VG [2sinfdr-a)=sin(-a)

dr | w 20
wV,C,(2r
=—2"8| " cosa—0

dr \ @
=—V,C, cosa

Work Done by a Variable Force

1. A body moves from rest under the action of a direct force given by P = 162 N,
_ X+
where x is the distance in meters from the starting point. Find the total work done
in moving a distance 4 m, and find the mean value of the force over this distance.
Solution.
4 4 16
Work done = Ide = J'——dx
; X2
=16[In(x +2)];
=16[In6 - In2]
= 16111E
2
=16In3 =17.58J
S8N
Mean value force = W =4.39N
m

2. A buffer spring is compressed a distance 0.4m. Find the additional work which

must be done to compress it a further 0.2m if the spring obeys Hooke's law and

its stiffness is such that a force of 3kN will compress it 1 cm.
Solution.

Since the spring obeys Hooke's law
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Force P o« compression x, that is,
P = Sx

0.6 0.6
Work done = J'de = J‘Sxdx
04

04

21 s
= S[—] ==[0.36-0.16]
2 2

0.4

=0.108m?

When x =0.01m , P = 3kN
3kN = §(0.01m)
S = 300kN m™

Work done = 0.10(300kNm™")m?
= 30kNm
=30 &kJ

3. A gas expands according to the law pv'? = C. Initially the pressure is 250kNm"
“when the volume is 1 m®. Find the work done by the gas in expanding to twice
its original volume.

Solution.

pv'?=C =250 x 1'? (kNm)

C=250andp= 2,5—?

T
2 2

250

Work done = Ipdv = v—”—dv

1 1
_20f 1 7
-0.2[v*? ],

1
= 1,250[1 - 2?}

=1,250[1 - 0.87055]
=161.81k/
4. A trapezoid is submerged vertically in water with its upper edge 3 ft below the

surface and its lower edge 9 ft below the surface. If the upper and lower edges
are 5 ft and 7 ft, find the total force on one surface of the trapezoid.
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Solution.

By similar triangle,

so that

1% .,
=~§;[(wh +12wh)dh
3 9
=l i + wh?
3| 3 L
=102w
Since,
w=62.5Ib/ fi* = %Ions/ﬁS
we have

F=(1 oz{iJ =3.1875t0ns
32

Mass and Center of Gravity

1. Find the moment of m located at (2,4)

Solution.

M, = mass or moment of m with respect to x
=My = my
=m(4)
=4m

M, = mass or moment of m with respect to y
= My = mx
=m(2)
=2m

1. Find the centroid of the following systems 1, 2, 4 kilograms located at points (2,3),
(-3,4) and (3,-2), respectively.
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2kg(-3,4)

Solution.
The total mass is

M=Zm,

=1+2+4
= Tkg

The mass with respect to x - axis is
M, = Zm, Y,

=1(3)+2(4)+ 4(-2)
=3

The mass with respect to the y-axis is

M = Zm,x,
=1(2)+2(-3)+4(3)
=8
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2
3.The mass per unit length of a rod at a ditance x m from one end is (4 +%—Jkgm"

If the rod is 6 m long find its total mass.

y

Solution.

x?

k -1
4ng

value [4+

2
Mass of element = (4 + E—W&c
J

Total mass of the rod is the sum of the masses of all such elements making up the rod.

x=6 x2
Total mass = [4 - ~4—J§r

Center of Gravity

1. Find the centroid of the metal plate
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Solution.

A (3.2) 4

10 (1,3)

A (5,1)

A =4x6=24
A;=4x2=8
A;=2x6=12
A=24+8+12=44
- Y
Xi=——
A

_24(3)+8(1)+12(5)
- 44

_ 24(2)+38(3)+12(1)
44

84
44
21
T
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The centroid is (3—5-,2]
11 11

1. Find the centroid of the area bounded by the curve y = x*and the ordinate x = 0 and
X=4.

Solution.

y =x°
(4,16)

(x,y/2)
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64
Iydx 3
[]; 1024

B
3 3

_24

"~ 5

The centroid is at the point (3,25—4).

2.Find the centroid of the region bounded by the curve y = x’and y = 2x + 3.

Solution.

y=9(x) 4 y=1(x)
(3,9)

-1,1

3

] Ix[g(x (x)]dr

x=3

Jle)- s
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]x[2x+3—x2}tg
) |
3

ﬂ2x+3-x2}jx

_ 'ljjﬂg(x)+ F)Ig(x)- f(x)hx
leto)- rtele

%:].[2x+3+chl2x—+-3__,cz}iJt
= el

32
3

%][4x2+12x+9—x“];tx
= 32
3

- 5

3
T4 ox?vox-X
3 51,

32
=
544
15
32
3
17
o5

89



Hence the centroid is at the point ( I,I—SZJ

Center of gravity of a Solid Revolution

1. Find the center of gravity of the solid of revolution generated when the curve y =
x? , from ordinates x = 0 to x = 3, revolve about the x-axis.

Solution.

Let the volume be divided into a large number of discs by planes perpendicular to
the x — axis, distance &x apart.

Y f(x
dX

Consider a sample element of radius y, thickness 8x as shown in the figure
above. If w is the weight per unit volume

Weight of disc = zy° & x w

By taking moments about the y- axis of the weights of all the discs, then by the
principle of moments

x=]3
(total weight) x x =" my” e x wx

x=0

3
Since total weight = volume x w = w_[fg)zdx
0
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The center of gravity of solid of revolution is at point (3,0}

Theorem of Pappus
1. Find the volume and surface area of the torus (doughnut) generated by rotating a
circle of radius r about an axis in its plane at a distance a from its center.

Solution. The center of the circle is the center of gravity, and this travels a distance 2na.
The area of the circle is 2nr?, so the volume of the torus is

V= (2:&1)(7::*2 )= 27 ar?
The area of surface is
S = 2m)2m)=4x’ar

2. Use the first Theorem of Pappus and the fact that the volume of a sphere of
radiusr is

4 s

V=—mr

Solution. Note that we generate a sphere by rotating a semi-circle about its diameter.
Then the axis of revolution does not intersect the area
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c.g.

-r 0 r

and since

A=m?
while

V=2ryA
we find

4,
- ¥ 37 4
TR
2n—m? %

3. A steel shaft 10 cm diameter has a semicircular groove turned out of it to a depth
of 2 cm. Calculate the volume of metal removed.

Solution.

Area of the semi-circle = %:z'zz = 2mm?*

. - . 4 4x2 8
Distance of the centroid of semicircular area from its center = i A i =——cm

RY/4 k¥ 4 37

Distance of centroid from axis = y = [S - %Jcm
T

G

T

2
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Volume of metal remove = area x 27 y

olst)

=163.88cm’

Moments of Inertia

1. About an axis through its center normal to its length.
Let m be the mass per unit length of the rod of length I.
Consider a small element of length 6x at a distance x from axis YY'. See figure.

Y
* I o
i - }
A 0] x ©o&x
Y.

Mass of element = mdx
M.1. of element about YY' = (m&x)x* =mx ? x

x=+—/
5

M.1. of rod Iyy = mezélr
1

x=——]

Since the total mass of the rod M = ml

M’ 2
Then lyy = —— and  k’y = —
12 12

2. About a perpendicular axis at one end.

In this case the distance x is measured from the axis AA’' and the limits of integration
become 0 to /.
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= ]'m.xzdx——-m—ls—
s 3
2 i !2
and k° a0 = —
AA 3

: .

3

Second Moment of Area of a Rectangle
gyration about boyh- Ox and Oy of the area in the first quadrant,

Find the radius of
between the curve y* = 4x, the x-axis and the ordinate x = 2

-

1. about the y-axis

Ll

b 2 5

ngydx JQxEdr
[yax [2x2ax
a 0
a[ 17
]

2. about the x axis
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The Moment of Inertia of a Solid of Revolution

Find the moment of inertia of a right circular cone about its axis.

y=—x

x

Let the cone be placed as in the figure, with its axis along the x-axis.

Treating it as a solid of revolution the equation of the line generating it is given by
YL Thatisy="'x.
x h h
1
Mass M = gnr hp

The moment of inertia
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32
.y O P
2 Jh
_pmik®
2h' | 5
_pm'h

10
=Pm'2h irz

310
=Mir2

10

Double Integrals

1. Find the volume of the solid whose base is in the xy-plane and is the triangle
bounded by the x-axis, the line y = x, and the line x = 1, while the top of the
solidis in the plane

Z=F9%y)=3-x-y

Solution. The volume dV

dV = (3 = x—y) dydx
For any value x between 0 and 1, y may vary fromy =0to y = x. Hence

V= ]](3—x—y)dx

2

" .
3y-xy—y?} dx

|
l;[_ y=0
1 2 .
= J' 3y X~
: 2
2 x=0

=1

2. Evaluate the double integral

:[1(3y—2x2)dxdy
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Solution.

?jz (3y - 2% Jixdy = TJ:@ y-2x° )dx]dy

il 25} x=2
= | 35y - ;} dy
1L x=-1
3
= [0y -6)ay-
|
9 ; :|v«~3
==y -6y
2 -
=24

3. Calculate

Sin x
j dA,
y X

where A is the triangle in the xy-plane bounded by the x — axis, the line y = x and
the line x = 1.

A
0 1 X
Solution.

' *esin x ' sinx ™"
J(j dy]dxzj[y } dx
o\o X 0 X Jy=0

1
= J'sin xdx

0
=—cos(l)+1~0.46

Area by Double Integration

1. Find tby double integration the area of the region in the xy-plane bounded by the
curvey =x*and y = 4x — x°. v

7



y y =x[_(2,4)

y = - X+ 4x

Solution.
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Solution.

The Double Integral In Polar Coordinates
Find the area of the region in the xy plane bounded by the lemniscate r* = a? cos 26,

Solution.

r=a cos26

The required area is

99



4
=2 |a®cos26d6

6=0

g
= la? sin 26,

2
=da

Triple Integrals. Volume
1. Find the volume enclosed between the two surfaces

Z=8-x*-y? andz=x?+ 3y2

(2,0, 4)

- . e ——————— =

(2,0,0
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Solution. The two surfaces in the figure intersect on the elliptic cylinder

XX+2y°=4

If we integrate first with respect to y, holding x and dx fixed, y varies from — > to

4—x* .
. The x varies from — 2 to 2. Thus

4-x? gl g
= 2
v=_ [ [, dedy
2

JE
- fz J;ij?i(s-sz —4y2}1ydx
2

3
= [ |2(8-2+’ A-a® _Bld-u [y ]
2 2 3 2

= g f2(4—x2)%dx
=872

2. Find the solid above the xy-plane bounded by the elliptic paraboloid z = X2 + 4y?
and the cylinder x* + 4y = 4,
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Solution.

The z limit are 0 to x*+ 4y>. The y limits for % of the volume are from 0 to
—\/4 x* . The x limits for the first octant are from 0 to 2. We evaluate the triple integral

byan iterated integral and obtain

V= ff“fﬁ f”‘”’z dzdydx

=4'£2_[%J4—_?(x2 +4y2)a5/dx

=4f“ I e o) L

=4=§-f(x + 24— x2ax

3

= %(4 x )2 +2xv4 - x? +83in"312—x [
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Physical Applications

1. A lamina in the shape of an isosceles right triangle has an area density that varies as
the square of the distance from the vertex of the right angle. If the mass is measured in
kg and distance is measured in m, find the mass and the center of mass of the lamina.

Solution.

The mass of the lamina is

M= [ [l + y* byt

3 y=a-x
=d f yx? + y?:| dx

y=0

/
=5I la3 —a’x +2ax’ —ix3]dx
\ 3 3

To find the center of mass, the symmetry must lie on the line y = x, if we

find x we will also have y .

M, = ff"’&(xz + y?)dydx
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=§f ﬂ—a x* +2ax’ _ilx_ dx
3 3

5
Because M, =M , M, = ‘% Thus we get x = —a,y = = a. Therefore the center of

|
w9

mass is at the point, [ 25a 2: ]

2. A thin plate of uniform thickness and density covers the region of the xy-plane shown
in the figure

b/

Find its moment of inertia about the y — axis.

Solution.

1, = fl L+2x2&iydx
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Practice Exercises
Encircle the letter corresponding the correct answer. (R x 2 points)
1.J x sin x dx is equal to
a.sinx +xcosx+C C.—sinx—xcoxx+C
b.sinx—-xcosx+C d. -sinx+xcosx+C

2.Jsina cos a da is equal to

l. Vasina +C . =Y sina +C
Il. - % cos® o +C IV. Y2cos’a +C
a. l only c. Il only
b.land IV | d.land Il

3.] sin? 3p dp is equal to
a. 1/9sin>3p +C c.2p—1/12sin6p +C
b. 1/9 cos®* 3p + C d. %p-1/6sin3p+C
4.[In e® dx is equal to
a.x*+C c.e®+C
b. % x*+C d. %e®+C
5. x coth x? dx is equal to
a. 1/3 coth x> + C c. ¥2Incosh x* + C
b. % In sinh x* + C d-In sinh x* + C
6./ 4 e*"*dx is equal to
a.%x'+C c.x*+C

b.%e3|nx+c d. ealnx+C
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7.] _2dy is equal to
3y—-4

a.2/3In(3y-4)+C
b.2In(3y-4)+C
8./ _e*dx_is equal to
e’ +1
a.(e*+1)%+C
b.e*(e*+ 1) 2+ C

9.]_tan ¢ dx__ is equal to
1+Incos g

a. ¥%atan’@+C

b. e+Insinx+C
10.f tan 6 sec? 6 d6 is equal to

l. 2tan®0 + C

Il. V2sec’ 6 + C

a. lonly

b. Il only

1. x"dx=Lx"*' +C except

n+1
a.n=-1

c.n=1

12. 2 jsin 46sin26d0is equivalent to

a. 4 |cos26d8 + 4Icos 66d60
b. 4 |cos6&d6 -4 _[cos 2646

c.1/3In(3y—-4)+C

d. 2 +C
3(3y — 4)?

c.ln(e+1)+C

d.e*(e*+1)+C

c.In(1+Incosg)+C

d—-In(1+Incos)+C

. tan’ 0 + C

IV.sec?0+C
c.landll

d. llland IV

=0
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C. |cos26d6 — |cos6BdO
d. Ic052w9+ Icosﬁéldﬂ



13. SIcosﬁycos_”ydy is equal to

1 X 3.
a. —sin9y ——sin3y+C —sin9y - —sin3y+C
g - g 3oy sy
1

1. 1 3
b. —sin9y+—sin3y+C —sin9y + =sin3y+C
R 3o TSR

14. _[; (e + ¢ Jax is equal to

a. (ez‘ —e'z‘)+ C

C. —ji(eh +e ™ )+ C

d. %({3’”r —e'z")+ C

C.

(ez" +e‘2’)+C

15.  [(x*~Jx )i is equal to

a. i b. 16
3 3
c.8 d. 16
16. fiﬁf is equal to
e.l‘
a. Infe’ - | b. e? -1
C. ]_e 2 d I_C)"

17. J-2x\/x2 +1dx is equal to

a. %(x2 +l)” +C

c. %(x2 +1)7 +C
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- is equal to

1a.f(_

a.ln4

c.0

19. j”;‘jzzx is equal to

5
r4

xZ

b. —+2x+ +C

x-2

20. jx(x+])2dx is equivalent to

a. JC(JL‘T1L1)3—%J‘(xﬂ)}dx

b. x(%gi—%‘[(xﬂ)]dx

21. |xe**dx is equivalent to

-2x

i —le““ +C

2 4

-2x

xe +le‘“ +C
2 4

b. -

22.In integrating _[x’ Inxdx by parts, v'is

a.

X

3
C. —
3

.
X

. —+2x—6ln|x—2i+C'
2

9

x +2x - +C
2 x—-2
x(x+1)3 1 2

2 3 —EI(X'Fl)dx

. x(x+l I( +1) dx

.
—e ¥ +C
1

——e ¥ 4C
4



23.

24.

25.

26

27

28.

I sin Sxcos3xdx is equal to

1(c052x cosSx]+C

2 2 8
b. _l_[cosE}x " costJ+C
2 8 2

a. sec’x+csc’x+4x+C
b.tanx+cotx+2x+ C

PE

dx is equivalent to

a. ~—;—cosJ;+C

C. —-2cos\/;+C‘

. _[tanxsf:c2 xdx is equal to

1) ltanz x+C
2

a. | only
c.land ll

; fo"'w/f +1dx is equal to

_[I (x** +x'* Jdx is equal to

Wl W

1[0058x cost)
C. —— + +C

_[(tan2 x+cot? x+4)dx is equivalent to

i

2\ 8 2

l[cossx ~ cos2xJ+C
8 2

c. sec’x—csc’x+4x+C
d.

tanx—-cotx+2x+C

: l-::os x+C

2

; 2cosJ;+C

) %scczx+C m %seczxtanx+C

oo
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2, 3 .
29. [ sin” cosxdx is equal to

a. 4 b. 1
2 4
G2 d.0
30. _r g ze dx is approximately
a. 245 b. 3.63
c. 4.87 d. 5.05
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